For any finite-dimensional complex semisimple Lie algebra, two ellipsoids (primary and secondary) are considered. The equations of these ellipsoids are Diophantine equations, and the Weyl group acts on the sets of all their Diophantine solutions. This provides two realizations (primary and secondary) of the Weyl group on the sets of Diophantine solutions of the equations of the ellipsoids. The primary realization of the Weyl group suggests an order on the Weyl group, which is stronger than the Chevalley-Bruhat ordering of the Weyl group, and which provides an algorithm for the Chevalley-Bruhat ordering. The secondary realization of the Weyl group provides an algorithm for constructing all reduced expressions for any of its elements, and thus provides another way for the Chevalley-Bruhat ordering of the Weyl group.
Introduction
For any complex semisimple Lie algebra, there are a number of mathematical objects that are traditionally attached to it, and which determine it to some extent. The most widely used mathematical objects are: the Dynkin diagram, the Cartan matrix, the system of positive roots, the system of simple roots, the Weyl group, the universal enveloping algebra, etc. These objects have proved their usefulness in dealing with complex semisimple Lie algebras, and most of them have been generalized in order to deal with the new classes of mathematical structures, such as Kac-Moody algebras, superalgebras, quantum groups and Coxeter systems.
In this paper, two alternative mathematical objects are defined for any complex semisimple Lie algebra G . These objects are ellipsoids in the real linear space n  , where n is the rank of G . Given a complex semisimple Lie algebra G and a Cartan subalgebra H , the pair ( G , H ) determines the system of roots ∆ , a subsystem + ∆ of all positive roots, and the subsystem Π of all simple roots, see [1] [2] .
In the space n  , define an inner product < , > in such a way that 2 , , , 
that will be used in this paper. We assume the linear space n  to be partially ordered as follows: x y ≤ if and only if for any 1 i n ≤ ≤ we have i i x y ≤ .
Primary and Secondary Ellipsoids
The principal object of study in this paper is the subset of n  defined by the equation , 2 0. x x δ < − >= (3) This equation determines an ellipsoid in the space n  with the center at the point δ , and with the extreme points 0 and 2δ . We shall call this ellipsoid the primary ellipsoid and denote it by ( ) PE G . For the case of G belonging to the class 1 A , Equation (3) acquires the form
and so the primary ellipsoid in this case is the two-point subset {0,1} of
which is the equation of a circle passing through the points (0,0), (0,1), (1,0), and (1,1) of 2  . In cases of 2 A , 2 B , and 2 G , Equation (3) turns to be
with k = 1 for 2 A , k = 2 for 2 B , and k = 3 for 2 G , which in all the three cases is equation of an ellipse passing through the points (0,0), (0,1), (1,0), (1, 2) , and 2δ .
In general case, the easiest way to write down Equation (3) 
where the first sum is taken over all the vertices, and the second sum is taken over all the links in the Dynkin diagram for the complex semisimple Lie algebra G . Proof. By direct substitution of the vector 
h is a unique real number. Consider the vector 1 2 ( , ,..., )
Proof. By direct substitution of ( )
h evaluated by formula 10 into Equation (7) (1 ),
or, equivalently,
Proof. By direct calculation. □ In coordinate form, for the case 1 A , the equation of secondary ellipsoid has the form:
So, in this case, the secondary ellipsoid is the two-point subset {1, 1} − of the real line. For G belonging to the class 1 
1
A A ⊕ , the equation of secondary ellipsoid becomes
which is the equation of the circle centered at the origin and passing through the points (1,1), and (−1, −1). In cases of 2 A , 2 B , and 2 G , the equation of secondary ellipsoid in coordinate form turns to be
with k = 1 for 2 A , k = 2 for 2 B , and k = 3 for 2 G , respectively, which in all the three cases is the equation of an ellipse passing through the points (1,1), and (−1, −1), and with the center at the origin.
The primary ellipsoid is determined by the secondary ellipsoid in accordance with the formula 1 (1 ) . 
Case n B :
Case n C :
The equations of secondary ellipsoids for the remaining 5 exceptional cases of simple Lie algebras are given next as follows:
Case 2 ( 1) 3 ( 1) 5 ( 1) 9 ( 1) 5 ( 1) 2 ( 1) 3 ( 1) 5 ( 1) 6 ( 1) 4 ( 1) 2 ( 1) 6 ( 1) 9 ( 1) 6 ( 1) 3 ( 1) 12 ( 1) 8 ( 1) 4 ( 1) 12 ( 1) 6 ( 1) 4 ( 1) 7 ( 1) 12 ( 1) 24 ( 1) 15 ( 1) 8 ( 1) 3 ( 1) 8 ( 1) 12 ( 1) 16 ( 1) 12 ( 1) 8 ( 1) 4 ( 1) 16 ( 1) 24 ( 1) 18 ( 1) 12( 1) 6( 1) 32( ( 1) 14 ( 1) 30 ( 1) 20 ( 1) 12 ( 1) 6 ( 1) 2 ( 1) 10 ( 1) 14 ( 1) 20 ( 1) 16 ( 1) 12 ( 1) 8 ( 1) 4 ( 1) 20 ( 1) 30 ( 1) 24 ( 1) 18 ( 1) 12( 1) 6 ( 1) 40 ( 1) 32 ( 1) 24 ( 1) 16 ( 1) 8 ( 1) 48 ( 1) 36 ( 1) 24 ( 1) 12 ( 1) 30 ( 1) 20 ( 1) 10 ( 1) 16 ( 1) 8 ( 1) 6( 1) 0. 
5( h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h
− + − + − + − + − + − + − + − + − + − + − + − + − + − + − + − + − + − + − + − + 6 1) 0. h − = (21)
1) 24( h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h

h h h h h h h h h h h h h h h h
− + − + − + − + − + − + − + − + − =(22)h h h h h h h h h
h h h h h h h h h h h h h h h h h h h h h h
h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h
Proof. By direct calculation. □ Corollary 2.1. A case-by-case examination of the equations of secondary ellipsoids in coordinate form (17)-(25) has shown that these equations can be written in a unified form as follows: 
Diophantine Equations Derived from the Equations of Ellipsoids
Consider Equation (7) of primary ellipsoid and Equation (26) of secondary ellipsoid as Diophantine equations. This means that we are now concerned with only those solutions to these equations, which have all their components integers. We shall now explore the sets of all solutions of these Diophantine equations. These sets are nonempty and finite. We shall denote them by ( ) PD all of whose elements, except the origin itself, have at least one strictly negative component. This conclusion follows from the form of Equation (7). Formula 9 implies that for any ( ) x PD ∈ G and for any positive integer i with 1 i n ≤ ≤ , the element 
Primary and Secondary Geometric Realizations of the Weyl Group
Denote by ( ) W G the Weyl group of the complex semisimple Lie algebra G . In this section we are concerned with geometric realizations of the Weyl group related to the primary and secondary ellipsoids. We first realize it in a matrix form. From this equality we also get the formula for the image of the inverse element: 
Proof. The mapping
Proof. This is obvious for those cases 2 4 8 ( , , ) G F E where det 1.
A =
In all the other cases, the proof follows from a case-by-case consideration. □ The mapping w w S Awδ → = , being a bijection, transfers the group structure from the Weyl group ( ) MW G to the set 0 ( ) SD G thus producing the secondary geometric realization of the Weyl group ( ) W G , which we shall denote by ( ) SW G . In this realization of the Weyl group, the identity element is 1  , and the element of maximal length is 1 −  .
Orderings of the Weyl Group
The realization ( ) PW G of the Weyl group on the primary ellipsoid provides a partial ordering of this group that is inherited from the natural partial ordering of the linear space There is another very important for different applications ordering for any Weyl group, which is called Chevalley-Bruhat ordering, see [4] - [9] , and which we denote by  . To define the Chevalley-Bruhat ordering, we first need to define the length of an element w of a Weyl group. The element w can be written as a product of elementary reflections i s . This can be done in several different ways. The minimal number of factors in such a representation of w is called the length of w (notation ( ) l w ). An expression of w as a product of elementary reflections with the number of factors equal to the length of w is called a reduced expression. The ellipsoid geometric realizations of the Weyl group provide a way to find the length of any element w of any Weyl group and also the family of all its reduced expressions.  implies that a b ≤ . In this ordering, 0 is the unique minimal element too, and 2δ is the unique maximal. As a matter of fact, the primary ordering is in some cases strictly stronger than the Chevalley-Bruhat ordering on the Weyl group, as one can see, for example, from the case of 3 A . In this case, the Weyl group is isomorphic to the symmetric group 4 S , and the graph of the Chevalley-Bruhat ordering for this group is available in Fig.  2 .4 of [4] . When compared to the primary ordering, it can be seen that there are two cases of discrepancy bitween the two orderings for this Weyl group. In the case of the Chevalley-Bruhat ordering, the elements (1 4 3 2) and (4 1 2 3) of 4 S are not comparable, as can be seen from Fig. 2 .4 of [4] , but their respective counterparts in the primary ellipsoid geometric realization are the vectors (0,2,2) and (1,2,3), which are comparable in the primary ordering. The same holds true for the elements (3 2 1 4) and (2 3 4 1) of 4 S , which have the vectors (2,2,0) and (3,2,1) as their respective counterparts. In all the other cases, the two orderings agree for 3 A . Observe that in these two cases of a b ≤ but not a b  we have that (1, 0,1) b a − = , which is not a multiple of a positive root.
To Chevalley-Bruhat order a Weyl group W by using the primary realization take the following steps: 1) Realize W primarily by assigning ( ) P w w δ δ = − to any w; 2) Order the primary realization primarily by inserting a link between any two directly adjacent elements a b ≤ ; 3) Delete all those links with a b ≤ for which b a − is not a multiple of a positive root. The remaining links provide the Chevalley-Bruhat ordering of the Weyl group W.
The secondary realization of a Weyl group provides an efficient way to obtain all reduced expressions for any ellement w of the Weyl group. A reduced expression of w is a shortest possible expression of it as a product of simple reflections i s . Finding all reduced expressions of any element of a Weyl group boils down to finding the first element in any such expression, because if s is known to be the first element of a reduced expresion for w, to find the second element of this reduced expression is equivalent to finding the first element of the product sw, and so on. Proof. This follows directly from the definition of the secondary realization of the Weyl group. □ This theorem provides an alternative way to build the Chevalley-Bruhat ordering of a Weyl group, because, as is well known for any Coxeter group (see for example [8] ), knowing reduced expressions leads to ChevalleyBruhat ordering through subexpressions.
